A new integrable spin chain of the Haldane-Shastry type is introduced. It is interpreted as the inverse-square interacting spin chain with a reflecting end. The lattice points of this model consist of the square of the zeros of the Laguerre polynomial. Using the "exchange operator formalism", the integrals of motion for the model are explicitly constructed.
physics with boundaries [27] [28] [29] [30] . In particular, one of the authors and his collaborators have shown that the above models possess the properties of the chiral Tomonage-Luttinger liquids [30] .
The aim of this letter is twofold. The first is to prove the integrability of the B Ntype spin Calogero model [31] within the exchange operator formalism. The second is to construct the new integrable lattice model related to the B N -type spin Calogero model. This lattice model is thought of as the "intersection" of the PF model and the BC N -type Haldane-Shastry model. Before turning to the explicit calculation, we shall briefly mention this new integrable spin chain. The Hamiltonian is given by,
where N is the number of sites and γ ∈ R is a parameter. In the above Hamiltonian we have introduced the B N -type spin exchange operators for the ν-component spin variables [24, 31] ; the operator P jk exchanges the spins at the sites j and k, the operator P j is defined by the condition P j 2 = 1 and thus is regarded as a reflection operator of the spin at the site j, and finally the operator P jk is defined by P jk = P j P k P jk . Also it will be shown that, from the integrability condition of the model, lattice points x j 's lie at the square of the zeros of the Laguerre polynomial L (|γ|−1) N (y) (see, for the notation, ref. [32] ). It is well known that the Laguerre polynomial L (α) N (y) with α > −1 (resp. = −1) has N distinct roots, 0 < y 1 < y 2 < · · · < y N (resp. 0 = y 1 < y 2 < · · · < y N ) [32] . Therefore the lattice of the model is well defined and does not contain negative sites. For example, in the case N = 4, γ = 2, the model has the lattice (0.86, 1.60, 2.39, 3.31).
There are several points which should be noticed in (1) . Clearly, the Hamiltonian (1) is not translationally invariant because the lattice is not uniform. Even if we suppose that the lattice is uniform, the terms P jk /(x j + x k ) 2 and P j /x 2 j in (1) break the translational invariance. The term P jk /(x j + x k ) 2 represents the interaction between the j-th. spin and the "mirror-image" of the k-th. spin. With an appropriate choice of the representation of the operator P j , the last term of (1) can be regarded as magnetic fields whose magnitudes are proportional to the inverse-square of the positions of the sites. From these observations,
the origin x = 0 can be regarded as a reflecting end of the system. Then we call the model 
where β, β 1 ∈ R and ω ∈ R ≥0 are coupling constants, and ∂ j = ∂ ∂x j . In (2), we have already introduced the operators M j , M jk and M jk (= M j M k M jk ) which are called the B N -type (coordinate) exchange operators, and are defined by the action on the coordinate x j ;
It is easy to see that these operators satisfy the following relations;
Remark that the B N -type spin exchange operators P j , P jk and P jk also satisfy the above relations [31] .
The Hamiltonians (2) and (3) does not contain the terms related directly to the spin. The spin degrees of freedom are introduced as follows.
Let
the space of spins, for example, (C ν ) ⊗N . Then operators M jk , M j , P jk and P j naturally act on this space, and clearly M jk and M j commute with P jk and P j . Next we introduce a projection π which respectively replaces every occurrence of M jk and M j by P jk and P j after M jk and M j have been moved to the right of the expression. Consider the B N -type "bosonic" subspace
For any operatorŌ, the projection π leads to a unique operator O which satisfiesŌ Ω s =
O Ω s and does not contain the coordinate exchange operators. The Hamiltonians with the spin degrees of freedom are thus given by the operators π(H CM ) and π(H C ). Also, the spinless, i.e., the one-component case can be considered by putting P jk = 1, P j = 1. In this case, the conditions in (11) are nothing but the conditions for the B N -invariance of the wavefunctions.
First of all, we introduce the operators D j for later use;
It is easy to show that
Next, we define the B N -type Dunkl operators [33, 26, 34] D j by
, we can show that the B N -type Dunkl operators D j together with the coordinates x j satisfy the following relations,
Finally we introduce another type of the B N -type Dunkl operators,
which satisfy the similar relations among D j 's and x j 's;
In
Remark that we can lead to the same results starting with the gauge transformed versions of the D j and D ± j ;
where
As the ordinary case [7, 18] , the integrals of motion for the 
They satisfy the relations,
From the above formulae we can show the key formula,
Let us consider the quantities
Then the involutiveness of Υ n 's is clear if pq ′ − p ′ q = 0. On the other hand, in general, using the formula (29) and then explicitly antisymmetrizing in the index, we can prove the involutiveness of Υ n 's as follows;
Specializing the parameters p, p ′ , q and q ′ , we define the two sets of the involutive oper- 
where E (0)
. It remains to show that I CM n 's (resp. I C n 's) commute withH CM (resp.H C ). These can be checked by using the formulae;
Hence the B N -type spin Calogero-Moser model and the B N -type spin Calogero model are integrable. Remark that, using the projection π, we can obtain the corresponding integrals of motion which depend on the spin variables.
Let us now turn to the lattice model related to the B N -type spin Calogero model. We apply the standard technique due to Polychronakos [18] (see also [36, 37] ). That is, we consider the strong coupling limit β → ∞ in the Hamiltonian (3) . Since the repulsion between particles and also between particles and mirror-image particles become dominant in the strong coupling limit, particles are enforced to localize with the positions x j which are taken to minimize the potential,
Here we rescaled the the coupling constant ω of the harmonic potential in order for the system to have a nontrivial limit. Also we rescaled β 1 = βγ. Note thatω can be absorbed into the definition of x j 's. Then we putω = 1. From ∂ j V (x) = 0, we can obtain that such
x j 's satisfy the condition
The above formula is equivalent to the condition that y j = x 2 j are zeros of the Laguerre polynomial L (|γ|−1) N (y) [15] .
In the strong coupling limit β → ∞, the elastic modes decouple from the internal degrees of freedom (the latter constitute the desired spin chain model);
Here H ela represents the Hamiltonian for the elastic degrees of freedom andH P F is the Hamiltonian which is obtained by replacing P jk and P j respectively with M jk and M j in (1),
i.e., H P F = π(H P F ).
Let us define the operators
The operators D ± j can be thought of as the large-β limit of the operators D ± j . Thus we expect that the operators I P F n = N j=1 Ξ n j are the integrals of motion for the B N -PF model.
We can show the involutiveness of the operators I P F n along the same argument as those for the B N -type spin Calogero model. The remaining task is to show the commutativity of I P F n withH P F . Clearly, it suffices to show [H P F , Ξ j ] = 0. This can be proved as follows. We recall the relation (35) ,
(43)
Let us consider the expansion of the relation (42) in the power of β. Since this relation holds for all β, each term must separately vanish. Thus the term of the order β 2 gives,
Also the direct calculation show that
Using the above two formulae (44), (45) and the properties [H P F , M jk ] = [H P F , M j ] = 0, we obtain, Therefore we proved the integrability of the B N -PF model and obtained the integrals of motion π(I P F n ) for this model. For example, π(I P F 1 ) is given by,
(48)
In summary, we would like to make some comments on an algebraic interpretation of the presented results. Our construction naturally leads to the algebra of integrals of motion.
For example, the Virasoro-like structure is given by
where J n = I CM n , (or I C n /(2ω) n ),
For the proof, we used the formula,
where the polynomial P ± (X, Y ) is defined by P ± (X, Y ) = (X n ± Y n )/(X ± Y ). Notice that in (53) the total degree of the operator is always even as the polynomial of x j and D j (or D − j and D + j ), this fact reflect the B N -symmetry. We can also construct the algebra of integrals of motion related to the W ∞ algebra.
Another important futures are relations to the spectrum generating algebras and the Yangian symmetry. One of the authors has shown that the spectrum of the B N -type spin Calogero model is equally spaced [31] . It is easy to see that the same is true for the B N -PF model. This is caused by the existence of the spectrum generating algebras (36) and
Moreover the numerical studies show that the B N -PF model possesses the "super-multiplet" structure. The algebra underlying this structure is Yangian [38, 39, 22, 35] . The Yangian symmetries of the B N -type spin Calogero model and the B N -PF model are easily see from the transfer matrices of these systems constructing by the Dunkl operators D ± j and D ± j .
The details will be appeared in [40] .
